Abstract : A new plastic-damage constitutive model applicable to lightweight concrete (LWC) and normal weight concrete (NWC) is proposed in this paper based on both continuum damage mechanics and plasticity theories. Two damage variables are used to represent tensile and compressive damage independently. The effective stress is computed in the Drucker-Prager multi-surface plasticity framework. The stress is then computed by multiplication of the damaged part and the effective part. The proposed model is coded as a user material subroutine and incorporated in a finite element analysis software. The constitutive integration algorithm is implemented by adopting the operator split involving elastic predictor, plastic corrector and damage corrector. The numerical study shows that the algorithm is efficient and robust in the finite element analysis. Experimental investigation is conducted to verify the proposed model involving both static and dynamic tests. The very good agreement between the numerical results and experimental results demonstrates the capability of the proposed model to capture the behaviors of LWC and NWC structures for static and impact loading.
Introduction
Lightweight concrete (LWC) provides high strength-to-weight ratio and is ideal for long span structures, super highrise buildings and offshore floating structures. For example, in Norway, LWC has been successfully used in offshore structures for oil drilling platforms, storage tanks and vessels LWC also offers other advantages such as good thermal insulation, sound insulation and fire resistance.
2 For design and analysis of such structures, numerical methods are often used, among which the finite element method (FEM) is the most commonly adopted method. The validity of the numerical results largely depends on accurate material constitutive models which are used at two stages of the FEM: evaluation of stresses and evaluation of tangent stress-strain matrices. 3 Thus, research on constitutive relation is essential to the analysis and design of LWC as well as normal weight concrete (NWC) structures. Concrete is primarily a composite material composed of aggregate material embedded in a hard matrix of material (cement or binder) that fills the space between the aggregates and glues them together. Therefore, many researchers 4-6 used micromechanics to model microcrack growth in the original brittle bodies based on the properties of the constituents alone. However, Ju 7 pointed out that a purely micromechanical theory may never replace a properly formulated phenomenological modeling theory due to its intrinsic complexity. Consequently, the phenomenological model on macromechanical scale provides an attractive means for numerical modeling of concrete structures without the need of detailed microstructure modeling of material. Although there are numerous constitutive models proposed for NWC on macromechanical scale, there is insufficient research on constitutive modeling of LWC particularly since LWC is a relatively new material. There have been many different ways to model the constitutive behaviors of concrete, e.g. elasticity theory, classical plasticity theory, endochronic theory, fracture mechanics, continuum damage mechanics (CDM) model and mixed (hybrid) models. Among these, the more popular models are based on plasticity, fracture mechanics and CDM. Historically, plasticity was originally developed for metals and is now also applied to concrete because of its sound theoretical basis and favorable computational efficiency.
8, 9
The plasticity model clearly has advantages over elastic approaches in representing hardening and softening characteristics. Nevertheless, it does not explicitly incorporate damage process due to microcracks such as stiffness degradation and unilateral effects. A good coverage of concrete plasticity models can be found in the book written by Chen.
10
Fracture mechanics model was also originally developed for metals 11 and later extended to concrete. 12 Much effort is still being devoted to refine fracture mechanics models for concrete. Extensive reviews of concrete fracture mechanics can be found in the literature. 13, 14 Despite some successful applications of fracture mechanics on concrete, whether or not the J integrals and stress intensity factor K are material parameters remains a controversial issue. Furthermore, for practical application, it is difficult to define 1 ) these models do handle phenomena such as stiffness degradation, strain softening and unilateral effects, they are confined only in the elastic ranges and cannot correctly describe the nonlinear behavior of concrete. To account for the nonlinear behavior, more concrete models have been developed in the framework of nonlinear CDM. These models fall under three categories according to how damage criteria are defined: equivalent strain approaches
17
; stressbased approaches;
18, 19 damage energy release rate (DERR) based approaches. 7, 17, 20 Equivalent strain-based criteria are only appropriate for the elastic conditions whereas stress-based approaches are unable to predict the plastic damage growth accurately. In short, CDM is versatile in handling many of the observed phenomena including stiffness degradation, tensile softening, and unilateral effects due to microcracks and microvoids. But if the inelastic (plastic) strain is not considered, the model cannot predict some behaviors such as diltancy which is very important for multiaxial loadings.
10, 22 A complementary approach, namely the plasticity theory, is needed for modeling the inelastic strains. Furthermore, it is well-recognized that the macroscale response of concrete originates mainly from (a) the initiation, growth and coalescence of microcracks, and (b) the pressure-dependent (frictional) tangential movement of the microcrack surfaces. Since the kinetics of the microcracks can be accounted for by the theory of CDM and frictional tangential motion can be modeled by pressure-sensitive plasticity theory, it is justifiable and promising to combine these two different ways of modeling concrete behavior and capturing the microscale mechanisms as realistically as possible.
23
In this paper, a new plastic-damage constitutive model is developed with the intention of applying it to not just NWC but also LWC under investigation. The numerical algorithm to implement this model in the framework of FEM is explained. In addition, experimental investigation is carried out to obtain the necessary material parameters and to verify the applicability of the proposed model under different loading conditions including impact tests.
Plastic-damage model
The objective herein is to study the response at structural level and it is reasonable to treat cracks in a smeared way. To this end, the CDM model is a phenomenological model accounting for the damage effect of cracks in the constitutive equation rather than dealing with individual cracks. The model is assumed to be developed in the framework of infinitesimal deformation theory, which is adequate for modeling concrete materials.
22 As explained earlier, in view of the advantages of plasticity model and CDM, it is desirable to combine these two approaches for constitutive modeling of concrete. In the present model, the effective stress in CDM is used to simulate stiffness degradation as in Ju's model. 7 This decouples the damage in stiffness degradation from the plasticity deformations. Therefore, it is very convenient to implement the operator split and to divide the computational algorithm into three steps: elastic predictor, plastic corrector and damage corrector. In the FE model, the degradation of stiffness is handled at each integration point.
The plastic deformations are computed in the effective stress space, independent of the damage corrector step for evaluation of the damage in stiffness degradation. In the plastic part, the model comprises two Drucker-Prager-type yielding surfaces: one for compression and the other for tension. The associated plastic flow and isotropic hardening rules are adopted. In the CDM part, two internal parameters are defined for tensile damage and compressive damage. At the final stage, one scalar damage parameter is proposed by combination of tensile and compressive damage parameters to describe both tensile and compressive damages.
Main significance of the model
It is important to note that the proposed constitutive model contains only a few parameters that can be readily determined by standard laboratory tests. This model incorporates two DruckerPrager-type yielding surfaces, which can account for the important phenomenon of diltancy not considered in many other mixed models employing relatively simple plasticity criteria, e.g. Von Mises criterion. Yet this proposed model is relatively easy for implementation in the finite element analysis and, as will be shown later, accurate when compared to the experimental results obtained for both static and impact loading.
Theoretical framework
In the small strain plasticity theory, the strain ε is decomposed into elastic part ε e and plastic part ε
In linear elasticity, the constitutive equation is given by
where, σ is the stress tensor and C is the elastic stiffness tensor. In accordance with CDM, the stress tensor σ can be mapped into the effective stress tensor by the relation:
where T is a rank-four mapping tensor. Note that the effective stress is defined in undamaged elastic stiffness. Thus
where, C 0 is the initial elastic stiffness. In this study, a scalar damage variable D is used to describe the isotropic damage such that , where I is the rank-four identity tensor. From Eq. (3), we obtain
Comparing Eq. (2) and Eq. (4) gives:
Experimental observations indicate that tensile damage and compressive damage of concrete give very different responses.
22
To account for this difference, two damage variables are needed: d t and d c representing the tensile damage and compressive damage, respectively. The uniaxial degradation variables are increasing functions of the equivalent plastic strains. They can take values ranging from zero, for the undamaged material, to one, for the fully damaged material. Theoretically, they can be obtained by uniaxial tests as function of the equivalent plastic strains. In practice, however, such experiments are difficult, if not impossible, to conduct and thus the explicit formulations for d t and d c are not readily available. To handle this problem, many researchers assume that the degradation takes the following exponential form 22, 24 : (7) where a t and a c are model parameters for uniaxial tension and compression, respectively, and can be calibrated from the uniaxial tensile and compressive tests by imposing the conditions: From Eqs. (1), (7) and (9), the damage evolution (D -ε) relation can be obtained. Fig. 1 shows typical damage evolution curves for LWC and NWC under uniaxial compression based on experimental results. It is seen that damage in NWC is found to increase gradually. In contrast, the damage in LWC occurs and increases rapidly in a narrow strain range due to its relative higher brittleness.
The general Drucker-Prager yielding surface is described by (10) where, α and τ 0 are model parameters, I 1 = σ 11 + σ 22 + σ 33 is the first invariant of the stress tensor σ ij (i,j = 1,2,3) and J 2 is the second deviatoric invariant of the stress tensor σ ij (i,j = 1,2,3), which is defined as: (11) The values of I 1 and J 2 at the peak stress for uniaxial compression and tension (denoted by subscripts c and t respectively) are (12) where, f c and f t are uniaxial compressive strength and tensile strength, respectively. Substituting Eq. (12) into Eq. (10) gives: (13) where, α 1 and τ 01 are the model parameters for the first yielding surface F 1 :
The failure envelope F 1 in the biaxial tension and tension-compression quadrants (Fig. 2 ) can be obtained: (15) In the same way, by matching the uniaxial and equibiaxial com-
Typical damage evolution curves for LWC and NWC. pressive strength to I 1 and J 2 and solving for α 2 and τ 02 , we can obtain the yielding envelope in the biaxial compression quadrant:
where, f b is the equibiaxial compressive strength. Under plane stress conditions (σ 3 = 0), Eq. (10) can be written as: (18) or in the form:
where, 
The critical value for which Eq. (18) describes a parabola is B 2 − 4AC = 0, i.e. f t / f c = 1/3. For concrete, the value of ratio f t / f c is usually less than 1 / 10. Thus, the intersection of the DruckerPrager cone of yielding surface F 1 with the biaxial stress plane is a hyperbola (Fig. 2) . The material parameters required for the concrete model are Young's modulus, Possion's ratio, compressive strength, tensile strength and equibiaxial strength. Except of equibiaxial strength, all the other material parameters can be determined by commonly conducted tests. Kupfer et al. 25 performed the classical study for the biaxial loading for concrete and showed that the ratio of equibiaxial strength to compression strength ( f b / f c ) ranges from 1.10 to 1.20. Lubliner et al. 24 also reported that this ratio is about 1.10 to
Lee and Fenves
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and Wu 27 found that the result is not sensitive to this ratio within the range. In this study, f b / f c = 1.12 is adopted. Consequently, α 2 = 0.021383 and B 2 − 4AC = −2.98 < 0 which means that the intersection of the Drucker-Prager cone of yielding surface F 2 with the biaxial stress plane is an ellipse with a shifted center (see Fig. 2 ). Fig. 2 shows that the proposed model is non-smooth multi-surface model and gradient is not uniquely defined at the intersection points of the two yielding surfaces. This problem can be handled by using Koiter's rule 28 as follows (21) where, and γ α is the plastic consistent parameter.
Uniaxial compressive and tensile stress-strain curves based on experimental observations are adopted as shown in Figs. 3 and 4 , respectively. Under uniaxial compression, the stress-strain relation is linear until the initial yield ( f c0 ) followed by the plastic regime, which is characterized by plastic hardening. Beyond the ultimate stress f c is the strain softening part of the stress-strain curve. Under uniaxial tension the stress-strain relation is linear until the failure stress (f t0 ) followed by strain softening. Isotropic hardening is assumed such that the uniaxial stress-strain curves can be converted into stress versus plastic-strain curves of the form: (22) where the equivalent plastic strains are: (23) Lubliner et al.
24 assumed exponential forms for hardening and softening. In this paper, the stress versus plastic-strain curves is obtained by the following procedure. From Eq. (1), the plastic strain can be obtained: Since elastic strain , Eq. (24) can be rewritten as: (25) Therefore, stress versus plastic-strain can be derived from the uniaxial stress-strain curves obtained by uniaxial compressive and tensile tests.
The hardening rules for the uniaxial conditions must be extended to the general multiaxial conditions. Making use of the findings by Lee and Fenves 22 and ABAQUS
29
, the equivalent plastic strain for the general multiaxial conditions is expressed as: (26) where, and are maximum and minimum eigenvalues of plastic strain rate tensor and (27) is a weight factor between zero and one. The weight factor is equal to one if all principal stress components are positive and equal to zero if all are negative. The sign denotes the Macauley bracket defined by . It is obvious that, under uniaxial conditions, Eq. (26) can be reduced to uniaxial definitions since = in tension, and = in com-pression.
For ease of reference, the eigenvalues of the plastic strain rate tensor are ordered such that = ≥ ≥ = . Therefore, the hardening rules for the general multiaxial conditions are expressed in the following form: 
Numerical algorithm
The numerical solution procedure based on the FEM is well covered by many books.
3, 30-32 For nonlinear problems, the equilibrium equations are satisfied by iterative methods at the global (structure) level. At the local (element) level, the nonlinear constitutive equations are solved by, in this study, an operator split procedure involving elastic predictor, plastic corrector and damage corrector. The key steps of the solution procedure are outlined here.
The weak form of the linear momentum equation at time t n + 1 in a discrete system can be written as the nonlinear equation for displacement u n + 1 at time t n + 1 : (35) where, F int is the internal forces and F ext is the external forces, which are evaluated by (36) where, B is the strain-displacement matrix such that (37)
The stress σ n + 1 is given by (38) Since f σ is a highly nonlinear function, an iterative scheme such as Newton-Raphson method should be employed to solve Eq. (35) with the residual defined as follows (39)
). 41) where the derivative of the residual with respect to the displacement is the tangent stiffness matrix K for the NewtonRaphson method, and has the following form: (42) where is the consistent tangent modulus (or Jacobian matrix) which is often used instead of the continuum elasto-plastic tangent modulus to preserve quadratic convergence rate in the fully implicit backward Euler scheme during integration of constitutive equations 20, 32, 33 . To update stress from the nonlinear Eq. (38), Newton-Raphson is also used. At this level of local iteration, computation of stress σ n + 1 and the corresponding consistent tangent modulus is performed at each Gauss quadrature point (material point). Such computation at the local level forms the main task of numerical solution procedure and is explained below.
The proposed constitutive model is formulated by the combination of CDM and Drucker-Prager multi-surface plasticity model. The computational algorithm employs operator split method to decompose the constitutive relation in Eq. (5) into three parts: elastic, plastic and damage parts which are handled by, respectively, the elastic predictor, plastic corrector and damage corrector.
7,34 Generally, backward Euler return mapping scheme is adopted for the elastic predictor and plastic corrector since it is robust, accurate and unconditionally stable.
32-35
To preserve the quadratic convergent rate, the consistent tangent modulus is used instead of the classical elastoplastic tangent modulus.
33
The main purpose of a constitutive integration algorithm is to update basic variables {σ,d t ,d t ,ε p ,κ} in a way consistent with constitutive model. During this process, the strain history ε = s u is assumed to be given. To define the material behavior, the strain history is given by providing a series of strain increments. Constitutive equations given in Section 2 are solved incrementally over a sequence of time steps [t n , t n + 1 ]. The algorithm is to compute that would satisfy the plastic consistency condition (i.e. F 1 = 0 and F 2 = 0). In this study, the algorithm is similar to that proposed by Simo and Hughes.
34
It is noted that the algorithm herein requires treatment of multisurface plasticity (combination of two Drucker-Prager surfaces) instead of single-surface plasticity (e.g. as in the case of Von Mises model). The main difference lies in the algorithmic treatment of plastic loading by the trial elastic state. Unlike the implementation of loading/unloading conditions for single-surface plasticity, this work for multi-surface plasticity is not straightforward and an iterative procedure is needed
. As usual in single surface plasticity, the elastic response is simply characterized by (43) The characterization of the elastic domain E σ for two-surface plasticity (as shown in Fig. 2) is considerably different from the above and is defined as: (44) Accordingly, the boundary is: (45) consisting of two smooth yield surfaces F 1 and F 2 which do not join smoothly. Singular points or "corners" are present in the boundary of the elastic domain. Therefore, the evolution of plastic strain is governed by the following Koiter's flow rule 
If only one yield surface is active (i.e. ), the condition implies that . This means the α-yield surface is active and this agrees with the conclusion drawn in the single surface plasticity. However, if both of these two yield surfaces are active, the condition does not necessarily mean . In other words, it is possible that and, at the same time, . In Fig. 5 the whole region is divided into four parts and their corresponding stress states are:
If the trial stress lies in Region (2) which is divided into three sub-regions according to the conditions shown above, an iterative procedure is needed to determine the set of active constraints defined as J act from an initial set of trial constraints defined as: (54) Similar to that proposed by Simo and Hughes, 34 the return mapping algorithm for multi-surface plasticity is derived and summarized in Appendix A. The damage parameter is then calculated from Eq. (9): (55) and the stress is updated as:
After the stress update, the consistent tangent modulus needs to be computed. The algorithmic modulus for the backward Euler scheme is defined as:
For multi-surface plasticity, this would involve the following matrix:
(58) From Eq. (58), we obtain:
To obtain the algorithmic modulus in Eq. (57), we can differentiate Eq. (56): (60) Computation of the algorithmic modulus in this way is exceedingly laborious for complicated plastic-damage models.
22,24,34
However, the accuracy of definition of the material Jacobian matrix only affects the convergence rate and the results are unaffected. Therefore, an approximate material Jacobain matrix based on the following equation can be used at a slower convergence rate instead of using Eq. (60).
38, 39
(61)
Results and discussion
The proposed plastic-damage model has been implemented in an established finite element analysis software called ABAQUS
29
.
The numerical results obtained based on the proposed plasticdamage model are compared with the experimental results. Five examples are presented here, covering both static and dynamic tests. In Example 1, the experimental results are obtained from a published paper whereas in the other four examples, they are obtained by our experimental work. Except for the impact tests, all experimental tests were conducted by means of displacement control in order to obtain the post-peak behavior.
Example 1 -Concrete plates under biaxial loading
In the first example, the proposed model is used to simulate the well-known biaxial tests carried out experimentally by Kupfer et al. 25 on plain NWC plates 200 × 200 × 50 mm with grade of 32
MPa. Three different stress ratios σ 1 / σ 2 were applied in the tests: pure compression (σ 1 / σ 2 =−1 : 0); double symmetric compression (σ 1 / σ 2 =−1 : −1); double non-symmetric compression (σ 1 /
Plastic state:
(4) σ 2 =−1 : −0.52). In these three cases, σ 3 is zero. Due to symmetry in the x and y planes, only one quarter of the plate is modeled in the numerical simulation. The biaxial compressive loads are applied on the remaining free surfaces as illustrated in Fig. 6 . In the FE model, 4-node bilinear, reduced integration plain stress elements are adopted. A total of 16 elements of size 25 ×25 mm are used in this example. The material parameters are shown in Table 1 . In addition, the uniaxial stress-strain curve obtained by the experiment is used as the input. The numerical and experimental stress-strain curves for pure compression are compared in Fig. 7 . The comparisons for double symmetric compression and double non-symmetric compression are presented in Figs. 8 and 9 , respectively. In all three cases of comparison, the numerical results obtained by the proposed model are in very good agreement with the experimental results. These results also show that the compressive strength of biaxial compression is dependent on stress ratio σ 1 / σ 2 , i.e. the compressive strength of biaxial compression is improved compared to that of uniaxial compression. Thus, the proposed model has the ability to reflect correctly the concrete strength enhancement under biaxial compression.
Example 2 -Concrete cylinders under uniaxial loading
In the second example, we carried out experimental investigation on LWC and NWC cylinders under uniaxial loading. ASTM Type I ordinary Portland cement was used for making all the specimens. For LWC, the light weight aggregates used in this study are lightweight expanded clay aggregate (LECA) with bulk density 800 kg/m 3 . For NWC, crushed granite aggregates with a specific gravity of 2.70 and a maximum nominal size of 20 mm were used. River sand with a specific gravity of 2.7 was used and the grading of the sand meets the requirements of ASTM C33 as well. Superplasticizer was used to improve the workability when needed. NWC mix with design strength of 50 MPa was used as a benchmark specimen. The LWC mixes were designed to have different strengths, i.e. 40 MPa, 60 MPa and 80 MPa. The four mixes are labeled as NWC, LECA40, LECA60 and LECA80, respectively. All the specimens were wet-cured for 28 days before tests were carried out. Static tests were conducted for cylinders to obtain its compressive stress-strain curves (Fig. 10) , from which the material parameters such as Young's modulus and Poisson's ratio can be obtained. The same material parameters are used in Examples 3 to 5 to follow. In the numerical simulation, concrete cylinders under uniaxial compressive loads are modeled by asymmetric elements since the geometries and the loads are asymmetric as shown in Fig. 11 . Figs. 12 to 15 present the numerical and experimental results of uniaxial stress-strain relation of NWC, LECA40, LECA60 and LECA80, respectively. The very good comparison illustrates the applicability of the proposed model under static conditions. These results also show that LWC has a more linear ascending curve indicating that there are few cracks prior to peak stress point as compared to NWC. The proposed mode is shown to be able to capture the different behaviors of NWC as well as LWC with different strengths.
Example 3 -Cylinder splitting
Cylinder splitting test is often used as an indirect way to determine the tensile strength of concrete. As shown in Fig. 16 , the splitting test is carried out on a standard cylinder tested on its side in diametrical compression. The load caused the cylinder to split in two halves. The specimens used in the test were of length of 200 mm and radius of 50 mm. Again due to symmetry, only a quarter of the specimen is needed in the FE model as shown in Fig. 17 involving 160 4-node reduced integration linear plain stress elements. The load versus displacement at the loading point is depicted in Fig. 18 for all the four NWC and LWC specimens. The tensile strength is calculated by (62) where P is the load at which the cylinder failed, d is the cylinder 
Example 4 -Notched beams under bending
In this example, a notched beam is centrally loaded till failure under three-point bending, with a span length of 700 mm, initial notch depth a 0 = 50 mm at a constant rate of 0.012 mm per minute. The experimental set-up is shown in with displacement measured at the midspan, and a schematic diagram of specimen under test is shown in Fig. 22 . Notched plain concrete beams for NWC and three LECA specimens are subjected to the displacement-controlled test using the proposed model. Two-dimensional plane stress elements are used to model the specimen and the mesh of the specimen as shown in Fig. 23 .
In Figs. 24 to 27, the numerical results for load-displacement curves are with the corresponding experimental results for the four concrete types studied. It is evident that the agreement is generally very good particularly before the load approaches the peak load.
The agreement for peak load is excellent with error less than 8%. The post-peak agreement is also good in view of the severe nonlinearity after the peak load and the large damage accumulated in the beams. The results demonstrate the capability of the proposed model for both NWC and LWC considered involving crack propagation from the notch.
Example 5 -Slab under impact loading
In the final example, impact test of concrete slab by drop-weight experiments were conducted as shown in Fig. 28 . The four edges of the slab were fixed by angle plates and G-clampers, and the impactor fell freely from a height of 2 m above the slab. The cylindrical impactor was a hemisherical-nose steel cylinder of diameter 100 mm and mass 47 kg. The impactor was lifted by a suspending steel wire and a winch to the intended height. It was then dropped suddenly inside a guiding tube by releasing the winch. The velocity of impactor before hitting the slab was measured by a laser diode system. Two displacement transducers measured the deformations on the bottom side of the slab at points P 1 and P 2 as indicated in Fig. 29 .
By symmetry, only one quarter of the slab and the impactor are considered in the FE model (Fig. 30) . The impactor is modeled by 300 8-node linear reduced-integration solid elements, and the slab by 8-node linear reduced-integration solid elements with mesh size 10 mm. The reinforcing bars in the slab are models as onedirectional strain elements and are simulated by using the REBAR option in ABAQUS 29 that uses a superposition method whereby the reinforcing bars are superposed on a mesh of finite element for concrete. For the four NWC and LWC slabs under impact, Figs. 31 to 34 present the FE results for the deformation time histories at P 1 (the same for P 2 due to symmetry). For the experimental results, the average value of measured deformations at P 1 and P 2 is used. It is seen that the numerical results slightly overestimate the maximum deformation of the point of the slab but the error is only less than 10%. The post-peak curves in the numerical results exhibit steeper slopes than the experimental results. This could be due to the internal frictional resistance of the displacement transducer that caused a slight time delay between the actual and recorded deformation. On the whole, the numerical results generally correlate very well with the experimental results, validating the applicability of the proposed model for both NWC and LWC under impact loadings.
Conclusions
This paper presents a new plastic-damage constitutive model for LWC and NWC within the theoretical framework of both CDM and plasticity. Two damage variables are used to represent tensile and compressive damage, respectively, whereas the effective stress is computed by multi-surface plasticity Drucker-Prager model. The stress is updated by multiplication of the damaged part and the effective part. The proposed model is coded as a user material subroutine and incorporated successfully in a finite element analysis software. Extensive experimental investigation was carried out on LWC and NWC to verify the proposed model. Published experimental results for NWC specimens were also used. The very good comparison between the numerical and experimental results convincingly demonstrates that the proposed constitutive model is able to accurately capture the damage behavior of LWC and NWC under both static and dynamic loading conditions. 
